We investigate the black holes in the new massive conformal gravity which is not invariant under conformal transformations because of the presence of the EinsteinHilbert term. First, we show that the small Schwarzschild black hole is unstable against the s-mode of linearized Ricci tensor by solving the Lichnerowicz-Ricci tensor equation. This instability induces the appearance of the non-BBMB black holes with scalar hair where the Ricci tensor plays the role of a tensor hair.
Introduction
Massive conformal gravity (MCG) was introduced as a model of the massive gravity whose action consists of the conformally coupled scalar to the Einstein-Hilbert term (CCSE) and the Weyl term [1, 2] . This action is invariant under conformal transformations. The different actions including the MCG have been investigated for the other aspects [4, 5, 6, 7, 8, 9] .
The MCG might not be a promising model of the massive gravity [2, 3] because one could not obtain the condition of δR = 0 due to the conformal symmetry. The non-propagation of the linearized Ricci scalar (δR = 0) is considered as a strong condition to achieve a massive gravity theory at the linearized level. However, the inclusion of R breaking conformal symmetry leads to the new massive conformal gravity (NMCG). Excluding the Weyl term from the NMCG corresponds to a famous action which gives us the BBMB black hole with the unbounded scalar hair [10, 11] . Also, deleting the CCSE in the NMCG leads to the Einstein-Weyl gravity where a single branch for non-Schwarzschild black holes with Ricci tensor hair was found recently [12] . Here, it is very important to note that the appearance of the non-Schwarzschild black hole is closely related to the instability of Schwarzschild black hole [13, 14, 15, 16] .
On the other hand, very recently, infinite scalarized (charged) black holes were obtained from the Einstein-Gauss-Bonnet-Scalar theory [17, 18] (Einstein-Mawell-Scalar theory [19] ) through the coupling of scalar to the Gauss-Bonnet term (Maxwell term). In this case, the linearized scalar equation played the important role in determining infinite branches of the n = 0, 1, 2, · · · scalarized black holes.
In this work, we propose the NMCG as a promising candidate for providing a black hole with Ricci tensor and scalar hairs. For this purpose, we wish to perform the stability analysis 
New massive conformal gravity
We begin with the new massive conformal gravity (NMCG) action [2, 3] 
where the second term corresponds to the CCSE with parameter α and the last one is the Weyl term with mass parameter m 2 2 . Hereafter we choose α = 1 and G = 1 for simplicity. Excluding the Einstein-Hilbert term from (1) leads to the MCG which is invariant under the conformal transformations as [1] 
Here Ω(x) is an arbitrary function of the spacetime coordinates. We note that adding the Einstein-Hilbert term (R) breaks conformal symmetry in the MCG, leading to the NMCG (1).
The Einstein equation takes the form
where the Einstein tensor is given by G µν = R µν − Rg µν /2 and the Bach tensor B µν is defined by
Its trace is zero (B µ µ = 0). On the other hand, the scalar equation is given by
Taking the trace of (3) together with (5) leads to
which is used to simplify the scalar equation (5) as a massless scalar equation
Importantly, we mention that 'R = 0' in (6) will play the role of a crucial role in reducing the third-order equation to the second-order equation in deriving the newly non-BBMB black hole solution. So, the NMC could not be a candidate for deriving the non-BBMB black hole solution because of conformal symmetry.
Before we proceed, we would like to mention the BBMB solution in the limit of m 2 2 → ∞ with α = 4π/3 in the NMCG (1) . In this case, assuming a spherically symmetric background, the analytic BBMB solution takes the form as [10, 11] 
where M is the mass of the black hole. This line element is exactly the same for the extremal Reissner-Nordström black hole with R µν = 0, but the scalar hair blows up at the horizon.
Instability of small Schwarzschild black hole
Introducing the background ansatz without Ricci-tensor and scalar hairs
Eqs. (3) and (7) imply the Schwarzschild black hole solution
with the metric function
The event horizon is located at r = r + = 2M. The Schwarzschild black hole is also a solution to (1) without the Weyl term which provides the BBMB solution. Considering the metric and scalar perturbations around the Schwarzschild black hole
the linearized Einstein equation takes the form
which is completely decoupled from the scalar perturbation ϕ because ofφ = 0. For the Schwarzschild black hole with constant scalar hair and its linearization, see Ref. [3] . Here, the linearized Einstein tensor, Ricci tensor, and Ricci scalar are given by
On the other hand, taking into account (7) lead to the linearized scalar equation
whose scalar is a propagating wave being free from unstable modes [20] . Taking the trace of (13) together with (17) implies the non-propagation of linearized Ricci scalar
It is noted that (18) is confirmed by linearizing R = 0 (6) directly. In case of the MCG, one
could not obtain δR = 0. That is, if one does not break conformal symmetry, one could not achieve the non-propagation of the linearized Ricci scalar. Substituting δR = 0 into Eq. (13) leads to the Lichnerowicz-Ricci tensor equation for the linearized Ricci tensor
where ∆ L is called the Lichnerowicz operator based on the Schwarzschild black hole background. We note that Eq. (19) is the same form as obtained from the Einstein-Weyl gravity [13, 14, 15] . It is worth noting that Eq. (19) may describe a massive spin-2 field (5 DOF) propagating around the Schwarzschild black hole. This is so because δR µν satisfies the transverse and traceless condition
where the contracted Bianchi identity was used to prove the transverse condition. Furthermore, if one introduces the TT gauge for metric perturbation
one finds the relation of δR = 
Its general solution is a linear superposition of solutions to ∆ L h µν = 0 and the Lichnerowicz equation for h µν as
which is the same equation obtained for the s-mode of metric perturbation around the Schwarzschild black hole in the dRGT gravity [21, 22] .
In order to understand the origin of the Lichnerowicz equation, we may introduce a famous model of the five-dimensional black string (BS) [23] 
We have perturbation along an extra direction of the z-axis
Using the TT gauge condition (21), the linearized equation δR M N = 0 reduces tō 
Non-BBMB black hole
In order to find a newly non-BBMB black hole, we introduce a spherically symmetric metric
with scalar φ(r). Plugging these into (3) and (7), one finds three equations initially: (t, t) → The three second-order equations of R = 0, ∇ 2 φ = 0, and the reduced (r, r)-equation are given by
Considering the event horizon at r = r + , one suggests an approximate solution [A(r), B(r), ψ(r) = 1/φ(r)] to the above equations in the near horizon
where the first four coefficients are given by 
where A 5 B 5 , and ψ 4 include the mass term m 
solutions are available for any choice of m 2 ∈ (0, m th ] in the single branch. We find here that R µν = 0 and φ(r) = 0, implying the Ricci tensor and scalar hairs. However, the scalar blows up at the horizon, as in the BBMB solution.
Discussions
It is well known that the R+CCSE theory implies the famous BBMB solution with unbounded scalar hair at the horizon, whereas the Einstein-Weyl gravity has provided the non-Schwarzschild solution with the Ricci tensor hair. Even though the first corresponds to an analytic solution and the latter is a numerical solution, the condition of R = 0 played the important role in deriving the black hole solutions in both theories.
In In deriving the solution, the condition of R = 0 played the important role to reduce the third-order equation to the second-order one. However, we wish to mention that the scalar hair blows up at the horizon, like the BBMB solution. Thus, one may introduce either the cosmological constant to obtain a regular scalar hair as in the MTZ black hole [24] or the bi scalar tensor theory to find a black hole with a regular scalar hair in asymptotically flat spacetimes [25] .
